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Abstract - Nonstationary ECG signal was analyzed using time-frequency distributions to enhance diagnosis techniques. The time-frequency distributions 

were formulated using discrete Wigner-Ville distribution with various windowing techniques. The discrete pseudo Wigner-Ville distribution (DPWVD) and 
discrete smoothed Wigner-Ville distribution (DSWVD) were formed to analyze supra-ventricular and malignant ventricular ECG arrhythmia signals. The 
performance of the time-frequency distributions was evaluated of energy distribution and time-frequency resolution only. The result reveals that discrete 
Wigner-Ville distribution computed in time lag domain introduced cross-term. The discrete pseudo Wigner-Ville distribution was computed in time lag 
domain and provided low time-frequency resolution. The discrete smoothed Wigner-Ville distribution window was computed in time and Doppler lag domain 
in which the Doppler lag domain found satisfactory performance compare to DWVD and DPWVD. 
 

Index Terms - Discrete Pseudo  Wigner-Ville Distribution, Discrete Smoothed Wigner-Ville Distribution, Discrete Wigner-Ville Distribution, ECG  arrhythmia, 

Time-Frequency Distribution 

——————————      —————————— 

1 INTRODUCTION                                                                     

ost general, most of the real-life signals are nonstationary, 

multicomponent signals described in [1]. The electrical activity 

of the heart system generates a pattern of ECG signal during 

atrial depolarization, ventricular depolarization, and ventricular re-

polarization and these are represented as P-QRS-T complex wave re-

spectively. The shape, relative position, duration, and amplitude of 

these waves are considered an important diagnostic tool to a cardiolo-

gist in the diagnostic process described in [2]. Including an ECG sig-

nal biomedical signals are characterized as time-varying signal prop-

erties, they are nonstationary where the signal components with time-

varying properties occur at different frequencies in the ECG signal. 

Hence  classical methods are not suitable to analyze the time-varying 

characteristic signal. Therefore, the time-variant frequency-selective 

approach is required for their "time-frequency" analysis [3]. Time-fre-

quency techniques are found more suitable it maps the one-dimen-

sional time-domain signal into two-dimensional time-frequency rep-

resentation [4]. They describe signal energy around the instantaneous 

frequency both on time-frequency space  [5]. The Wigner-Ville distri-

bution is an important algorithm of time-frequency analysis in bio-

medical signal processing [6], [7]. It has the best time-frequency res-

olution properties described in [8],[9],[10],[11]. The bilinear nature of 

Wigner-Ville distribution introduced a cross-term for a multicompo-

nent, nonstationary signal but it preserves most of its properties hence 

so many researchers are investigated to resolve this problem long time 

[12],[13,[14].  

 Wigner-Ville distribution is a primary distribution to form so 

many classes of bilinear distribution in which windowed Wigner-Ville 

distribution is one of the recent development time-frequency distribu-

tion [15]. The research extends to the work of the analysis of  

the ECG signal based on windowed Wigner-Ville distribution. Some 

of the windowing techniques proposed to formulate time-frequency  

representation are discrete pseudo-winger-Ville distribution, 

smoothed pseudo-Wigner-Ville distribution with Lag independent  

window and Doppler independent window. The discrete form of time-

frequency distributions is computed with hanning, hamming and 

Gauss window in time lag domain and Doppler lag domain to analyze 

the supra-ventricular, malignant ventricular arrhythmia ECG signals. 

 This paper is organized as chapter 2 presents ECG signal and 

its characteristics, analytical signal and signal model of the window 

characteristics. The methodology to form time-frequency distribution 

is discussed in section 3. The simulation results and discussion are 

present in section 4. 
 

2 ECG Arrhythmia signal 
The up normal electrical activity of the heart causes an arrhythmia 

may be cardiovascular disease. It is a defect to conduct the electrical 

impulses from the right article to AV node and AV node to right ven-

tricle at that time the heartbeat may be too fast, too slow or maybe 

regular or irregular. The abnormal electrical activity of the heart 

broadly classified as supraventricular arrhythmia and malignant ven-

tricular arrhythmia [16]. In this analysis, supraventricular arrhythmia 

and malignant ventricular arrhythmia ECG signals were tracked. A su-

praventricular arrhythmia occurs in the right article due to abnormal 

impulses arising from the atria. It has irregular shapes of QRS com-

plexes [17]. Malignant ventricular arrhythmia occurs from AV node or 

ventricle. The QRS complexes are wide and where the T wave disap-

pears [18]. The QRS complexes of the abnormal have irregular shapes 

and changes over time.  

 The ECG arrhythmia signals are obtained from the MIT BIH 

arrhythmia database [19]. The signals sampled at 360Hz. This time-

domain signal is represented by x[n] is the real, causal and bandlimited 

signal. It has both positive and negative frequency components intro-

ducing aliasing. The aliasing can be avoided by a technique called an-

alytical signal. 

 

2.1 Analytical Signal and Hilbert Transformation 
To get an alias-free signal the real-valued signal x[n] is converted into 

an analytical complex-valued signal using Hilbert transform defined 

in the time domain is       𝑧[𝑛] =
 𝑥[𝑛] +  𝑗𝐻(𝑥[𝑛])                                      (1)                                     

where H(x[n]) is the Hilbert transform of the real-valued signal x[n] 

and z[n] is the analytical signal of the analytical associate x[n]. The 
negative frequency components are made zero, the analytical 
signal only contains positive frequency components by the way 
aliasing is avoided with the help of Hilbert transform. 

2.2 Signal Modelling 

M 
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Before analyzing any signal using time-frequency distribution 
one can find whether the signal is monocomponent or multi-
component signal and form a model of the signal for analysis. 
After calculating the analytical signal, the signal model is de-
rived by extracting instantaneous amplitude (IA), instantane-
ous phase (IP) instantaneous frequency (IF) and group delay 
(ID). The bandwidth and time spread of the ECG arrhythmia 
are calculated and determined the ECG arrhythmia signal is a 
multicomponent signal and it is modeled as AM-FM signal 
model as given in equation (2) 
                                       

𝑧(𝑛) =  ∑ 𝑧𝑘 = ∑ 𝑎𝑘
𝑁𝑐
𝑘=1

𝑁𝑐
𝑘=1 (𝑛) cos(𝜑𝑘(𝑛))   (2) 

 

3 Formulations of Time-Frequency Distributions 
           The Wigner-Ville distribution and a smoothing window 
formulated the time-frequency distribution to realize and im-
plement in hardware and software the discrete version of the 
equation is formulated as 

𝜌[𝑛. 𝑘] = 2
𝐷𝐹𝑇

𝑛 → 𝑘
{𝐺[𝑛, 𝑚]

∗
𝑛

(𝑧[𝑛 + 𝑚]𝑧∗[𝑛 − 𝑚])}                      (3) 

where n is time index, m is lag index, k is frequency index, z[n] 
is an analytical signal of analytical associate x[n], G[n., m] is the 

window function in time lag domain and ρ[n,k] is time-fre-
quency distribution in the time-frequency domain. 
 

     𝑘𝑧[𝑛, 𝑚] = 𝑧[𝑛 + 𝑚]𝑧∗[𝑛 − 𝑚]    (4) 
where equation (4) is an instantaneous auto-correlation func-
tion(IACF) in time lag domain  
3.1 Discrete Wigner-Ville Distribution 
           To form the discrete Wigner-Ville distribution the win-
dow function in the equation (3) is equal to a rectangular win-
dow therefore  

𝐺[𝑛, 𝑚] = 𝛿[𝑛] = 1       (5)  
only the instantaneous autocorrelation function (IACF)  itself  
formed the Wigner-Ville distribution and it is given as 
 

𝐷𝑊𝑉𝐷[𝑛, 𝑘] = 2 ∑ 𝑧[𝑛 + 𝑚]𝑧∗[𝑛 − 𝑚]𝑒(−𝑗 
2𝜋

𝑁
𝑘𝑚)∞

𝑚=−∞                (6) 
 
The instantaneous autocorrelation is performed on the analyti-
cal signal z[n] and its conjugate value z*[n] in the time lag do-
main it is called the signal kernel. Where n is discrete-time in-
dex, m is lag index and k is the frequency index. After perform-
ing convolution on time lag domain the processed value of 
kz[n,m] is transferred from time lag domain to the time-fre-
quency domain by taking Fourier transform to get DWVD in 
the time-frequency domain. 

                                               𝐷𝑊𝑉𝐷[𝑛. 𝑘] =

2
𝐷𝐹𝑇

𝑛 → 𝑘
𝑘𝑧[𝑛, 𝑚]     (7) 

3.2  Discrete Pseudo-Wigner-Ville distribution  
           The Wigner-Ville distribution introduced a cross-term 
because the Fourier transforms on the instantaneous autocorre-
lation function over the lag, the Wigner-Ville distribution is a 
non-causal distribution. It is not suitable for real-time signal 
processing. To minimize the cross term and make suitable for 
real-time application, applying the Wigner-Ville distribution to 

a windowed version of the signal [20]. Setting the time-lag win-
dow G (n, m) = δ (n) h (m). The PWVD of a discrete signal with 
a finite length lag window is given by  

  𝐷𝑃𝑊𝑉𝐷(𝑛, 𝑘) = ∑ ℎ(𝑚)𝑧(𝑛 + 𝑚)𝑧∗
𝑁

2

𝑚=−
𝑁

2

(𝑛 − 𝑚)𝑒−𝑗
2𝜋

𝑁
𝑘𝑚(8)            

Where h(m) is a real-valued frequency smoothing window with 
odd length 2N-1 [21]. Due to the window function, Fourier 
transforms only consider the signal components in the instan-
taneous autocorrelation function. Thus the Fourier transform 
over lag will represent only the frequency components and re-
duces the cross-term. The effect of the windowing is to smear 
the signal in a frequency direction without affecting the time 
resolution. Hanning, Hamming and Gaussian windows are 
chosen to minimize interference and improve the frequency 
resolution[22], [23]. The shape and size of these windows are 
shown in the fig.1. The frequency response of window length 
64 is shown in the fig. 2. ENBW value of each window is calcu-
lated and given in table-1.  
 
 
 
 

 
 
 
 
 
 
 
 
 

 
 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

 
 

Fig. 1 shape and size of  windows in time-domain 
 

 
 

Fig. 2 The frequency response of windows  
 

TABLE 1 

ENBW VALUE OF EACH WINDOW 

Window 

Function 

Side lobe 

level 
3db band-

width 
ENBW 

Hanning -32 1.47 1.5 

Hamming -43.5 1.35 1.36 

Gaussian -32.3 1.15 1.23 
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3.3. Discrete Smoothed Wigner-Ville Distribution 
  The lag independent smoothed Wigner-Ville distribu-
tion is formed by introducing time-dependent window in the 
Wigner-Ville distribution and is defined as  

 𝐷𝑃𝑊𝑉𝐷(𝑛, 𝑘) = ∑ 𝑔[𝑛, 𝑚]𝑧(𝑛 + 𝑚)𝑧∗
𝑁

2

𝑚=−
𝑁

2

(𝑛 − 𝑚)𝑒−𝑗
2𝜋

𝑁
𝑘𝑚 

       (9) 
where h[n, m] is the time-dependent window and is defined 
over a lag interval compared to the DPWVD in equation(8) the 
time factor is included in the definition of the time-independent 
window width m(n) to indicate time-dependent window width 
for g[n,m] is calculated for all time instants based on lag varying 
character of the instantaneous autocorrelation function in time 
lag domain called lag independent smoothed Wigner-Ville dis-
tribution. Take DFT back to the time-frequency domain.  
In g[n, m], the time t is transformed into the Doppler domain 
by taking DFT it is represented as G[u, m]. Then perform the 
instantaneous autocorrelation on the window G[u] in the ambi-
guity domain called Doppler independent smoothed Wigner-
Ville distribution. Take DFT back to the TFD time-frequency 
domain. 
 
4 Results and discussion 
           The ECG supraventricular and malignant ventricular sig-
nals were pre-processed to remove the various noises and its 
time-domain signals were shown in the fig. 3 and fig. 4. The pre-
processed signals were a real-valued signal converted into an 
analytical signal. This signal was analyzed using discrete Wig-
ner-Ville distribution. It introduced cross term but it preserves 
the marginal properties.  
 
 
. 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

 
 
The pre-processed supraventricular ECG arrhythmia and ma-
lignant ventricular ECG arrhythmia signals were analyzed us-
ing discrete pseudo-Wigner-Ville distribution by implementing 
hanning, hamming and Gauss windows. These windows 
smeared the discrete pseudo-Wigner-Ville distribution in fre-
quency direction to improve the frequency resolution without 
affecting the time resolution were shown in the fig.5, fig.6, fig.7, 
fig.8, fig.9 and fig.10 respectively. The windows were opti-
mized to get frequency resolution and time resolution given in 
the table -2 and table-3 respectively.  
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

 
Fig. 3 Supraventricular ECG arrhythmia time 

domain signal 
 

 
Fig. 4 Malignant ventricular ECG arrhythmia 

time domain signal 
 

 
 

Fig. 5 DPWVD Energy distribution of supra-
ventricular signal  using Hanning window func-

tion 

 
Fig. 6  DPWVD Energy distribution of supra-
ventricular signal  using Hamming window func-
tion 

 
 
 
Fig. 7  DPWVD Energy distribution of supra-
ventricular signal  using Gaussian window func-
tion 
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The pre-processed supra-ventricular ECG arrhythmia and  ma-
lignant ventricular arrhythmia signals were analyzed using 
smoothed Wigner-Ville distribution by implementing hanning, 
hamming, Kaiser and Gauss windows. It gives frequency 
smoothing in time axis and time smoothing in the lag axis as 

shown in the fig.11, fig.12, fig.13, fig.14, fig15 and fig.16 respec-
tively. The windows were optimized to get frequency resolu-
tion and time resolution given in the table - 2 and 3 respectively.  
 
 
 
 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

 
The frequency of the supra-ventricular arrhythmia varied for 
every time instant from 0.059 to 0.11. The three windows gave 
an energy distribution where the lag independent window de-
creases the frequency resolution. 

 
 
 
 
 
 
 
 
 

 
 
 

 
 

Fig. 8 DPWVD Energy distribution of Malignant ven-
tricular signal using Hanning window function. 

 
 

Fig. 9 DPWVD Energy distribution of Malignant ven-
tricular signal using Hamming window function 

 
 

Fig. 10 DPWVD Energy distribution of Malignant ven-
tricular signal using Gaussian window function. 

 
Fig. 11 LI-DSWVD Energy distribution of supra-

ventricular signal  using Hanning window function 

 
Fig. 12 LI-DSWVD Energy distribution of supra-

ventricular signal  using Hamming window function 

 
Fig. 13 LI-DSWVD Energy distribution of supra-

ventricular signal  using Gaussian window function. 

 
 
 
 
 

Fig. 14 LI-DSWVD Energy distribution of malignant 
ventricular signal  using Hanning window function. 
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In the case of malignant ventricular arrhythmia signal  we ob-
served that lag independent discrete smoothed Winger-Ville 
distribution introduced an un tolerated cross-term in the malig-
nant ventricular arrhythmia  energy distribution.  
 The pre-processed supra-ventricular  arrhythmia and 
malignant  ventricular arrhythmia signals were analyzed using 
Doppler independent smoothed Wigner-Ville distribution  by 
implementing hanning, hamming  and Gauss windows. It gives 
frequency smoothing in lag and time smoothing in the Doppler 
axis as shown in the fig.17, fig.18, fig.19, fig.20, fig.21 and fig.22 
respectively. The windows were optimized to get frequency 
resolution and time resolution given in the table -2 and 3 re-
spectively 
 
  
 
 
 
 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
The three windows detected the QRS wave with high energy 
distribution and time-frequency resolution and the T wave was 
also detected with low energy distribution.  
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

 
Fig. 15 LI-DSWVD Energy distribution of malignant 

ventricular signal  using Hamming window function. 

 
Fig. 16 LI-DSWVD Energy distribution of malignant 
ventricular signal  using Gaussian window function. 

 

 
Fig. 18 DI-DSWVD Energy distribution of  supra-

ventricular signal using Hamming window function. 

 
Fig. 19 DI-DSWVD Energy distribution of supra-

ventricular signal using Gaussian window function. 

 
Fig. 20 DI-DSWVD Energy distribution of malignant 
ventricular signal using Hanning window function. 
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Hanning, Hamming and Gauss window resolved P-QRS-T 
waveform with high energy distribution and time-frequency 
resolution. 
 
 
 
 
 
 
 
 
 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
5. Conclusion  
The DWVD had no window to control the frequency and time 

smoothing. it introduced cross-term in supraventricular and 
malignant ventricular signals. It preserved all properties. The 
DPWVD with Gaussian window detected the QRS and T wave 
multicomponent signal and tracked the energy distribution 
around the instantaneous frequencies with time frequency res-
olution and shape changed in QRS complex wave for the supra-
ventricular arrhythmia and malignant ventricular arrhythmia. 
The Lag independent DSWVD gave an energy distribution 
where the lag independent window decreased the energy and 
frequency resolution and introduced cross-terms in malignant 
ventricular arrhythmia signal. The Doppler independent 
DSWVD detected QRS and T wave signal and tracked the en-
ergy distribution in supraventricular arrhythmia around the in-
stantaneous frequencies with high time-frequency resolution. 
whereas for malignant ventricular arrhythmia the hanning and 
Gaussian window detected the QRS and T waves with high 
time-frequency resolution and clearly shown shape changed 
QRS wave for supraventricular and malignant ventricular ar-
rhythmia. The result reveals that discrete Wigner-Ville distribu-
tion computed in the time lag domain introduced cross-term. 
The discrete pseudo-Wigner-Ville distribution was computed 
in the time lag domain and provided low time-frequency reso-
lution. The lag independent discrete smoothed Wigner-Ville 
distribution window was computed in time lag domain de-
creased the frequency resolution and the Doppler independent 
discrete smoothed Wigner-Ville distribution was computed in 
Doppler lag domain found better resolution performance com-
pared to other proposed distributions. 
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